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‘BEXTENDED TABLES OF STIFFNESS AND CARRY-OVER FACTOR
FOR STRUCTURAL MEMBERS UNDER AXIAL LOAD
By Eugene E. Lundquist and W. D. Kroll

SUMMARY

The tables of stliffness and carry-over factor that
were presented in NACA Technlcal Wote No. G52 have been
extended to lnclude the stiffness of a member wlth the
far end subjJected to & moment equal and opposite to the
moment applled ai the near end. These tables are of use
in solving problers in the steblllity of structural members
under axial load es well as in the usuel applicatlions of
the Cross method of moment dlstrlbutlon when the effects
of axlal load in the members are considered. The values
presented are for structural members 1n which the cross
section and the axial load do not vary along the length
of the member. The Interval between successlive values
of the argument is small enough to maite 1nterpolation
unneceseary in englnecering calculations.

IMTRODUCTION

The tahles of stiffness and carry-over factor glven
In reference 1 heave been fourd useful ln the applicatlions
of moment-dlstribution methods to a number of structural
problems. Recent studles have shown the deslirabllity of
including In these tables an addltlonal stlffness that
was not formerly presented. The present paper has
therefore been written to include 1n the takles values
for thls additional stiffness as well as the materlal of
reference 1 and consequently supersedes reference 1.

The method of moment distributlion developed by Hardy
Cross (reference 2) can frequently be used to advantage
in the streses analysis of continuous beams, continuous
frames, and rigid Joint trusses, some of which occur 1n
asronautical structures. In reference 3, James summarized
the principles of the Cross method and showed how the
effects of aexlal load in the mesmbers mey be conslidered 1n
a moment-distribution analysis. In reference 4, 1t was
shown how the principles of moment dlstributlon may be



used to solve problems In the stabllity of structural
members under axiel load.

In the stablillty calcnlatlons as well as in the more
usual type of morent-dlstribution analysis in which the
effects of axlial load are consldered, it iI=s desirable to
have tables glving the stiffness and the carry-over factor
as a function of the arxial load and proper*tles of the
member. Such & set of tables wes presented in refer-
ence 1.

I® the use cf the principles of moment distribution
as applied to the stabillty of plates (reference 5) the
stiffness of a plate with the far edge subjected to a
moment equal and cpposite to the moment anplled at the
riear edge was found useful 1n stabllity problems in which
the assembly of plates was symmetrical about a plate.
Because the equatlons that must be satlisfled for the sta-
bllity of plates are ldentical 1n thelr general form to
those for bars under axlael load, a zorrespondéing stiftfness
for bers 1s desireble. Ag l1s the case for pletes, this
stif'ress 1s denlgnated sl , &and valuves &re nresented
Lerecin.

The tatrles epply to mcmbers for which the crecss
sectilon and axial lnad do not vury along the lerngth of
the menmber. The Interval tetween succeszslve values of
the argunent was made cufficlently smcll thet Iinterpola-
tlon would be unnecerrary “or most erngineering celcala-
tions.

SYIROLS
E modulus of elasticity
E effactlve rmodulus of elasticity for stresses berond

the elastlc rangse

I momert of inertlia of cross sestlon about centroidal
axls perpendicular to »lane of bendlng

L length of memher

P axial load in member (absolute value)
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tution of (L/J)eff for L/].



The symbols used to dealgnate the stiffness and
carry-over factor for the different types of restraint
at the fer end are given 1in the followlng table and
correspond tc those used in reference 5:

e L it ceten e e —— " —

y Carry-over |
Stiffness factor ! Conditions at far end

S l C ;Far end fixed agoinst rotetion,
f i .

st i ¢l | Far end elastically restrained
l | against rotatlon.

sit cIT =9 ! No restraint againet rotatlon
I i at far erd.
i :

sIV b eIV = 2 lFar endi subjected to 2 moment
‘ : equal and oppcsite to that
! i _Epplieq_gg_gear enq“m

The quantities SI, ¢I, sII, and ¢IT of this paper

Iy
[ ] n

are the quentities , C , S, and C", respectively,

S
of reierences 1 end I.
DEFII'ITIO S

The followlng deflinltions of carry-over factor and
stiffress ere the same as those glven in reference li.

Cerrv-over factor.- If & member iz on unylelding
supports at each end snd a moment 1s applied at the near
end, tte retlo ol the mcment developed et the far end to
the mement #pplled at the near end ls celled thoe carry-
over fector.

Stiffnese.- If a memosr 1iIs or unyiclding supports
at each end, the mcnent at ons end neccssary to produce
a rotnticn of one-fourth redlen of that end 1s called
the stiffness,.
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The stliffness of a member computed according to thls
definition is one-fourth that computed according to the
definition used by Cross (reference 2). In the Cross
method, the relative stiffness of the members 1s of im-
portance and not the absolute value, The foregolng
definition was selected so that the stiffness of a member
of constant cross sectlon with no axlal load and fixed at

the far end would be EI/L 1nstead of LEI/L.

Sign conventlon.~ The slgn conventlion used in this
revort 1s the same as that used in references L and 5.
A clockwise moment acting on the end of a member 1s
positivwe, An external moment applied at a Jolnt 1s
consldered to act on the Jolnt; a counterclockwlse
moment aciing on a joint 1s positive,

TABLES

Tablea I and II do not give directly the values of
stiffness but _give, instead, values of stiffness divided
by a factor EI/L. The actual stiffnesses are therefore
obtalned by multiplying the values 1n the tables by EI/L.
The value of C 1s read girectly from the tables.

Formulas used in calculation.- The quantltles _.S ,
IT IV E1/L
_§ H _? , and C are tabulated for wvalues of
EI/L. EI/L

(L/3)grp 1n tables I and II for compression and tension,

respectively. The stiffness 8! and carry-over

factor €I that apply when the far end of the member 1s
elastlcally restralned are dependent on the restraint at
the far end and can be computed by the formulas given in
reference L or 5.

In the elastlic range of the materlal comprising the

members, E = E and (%) = (%). Above the elastic
eff -
range, however, 1t is necessary to use a reduced modulus E
which 13 called the effective modulus, A method for ob-
taining the effective modulus from the accepted columm
formula for the material i1s described in reference l.



The formulas used ln calculating the second, third,
fourth, e&nd ssventh columns in tables T and II are:

¢ =25 (1)

ESII/IJJ ) fﬁ (2)
7 ;II/IL ['1 _lcz:! (3)
§II;L i EF;T/IL [1 ﬁlucq; (L)

Equations (1) and (2) were first nresented by James
in reference 32, Equatfon (3) folliows Irom sQuation (13)
of reference L., and equotion (L), from squatlcn (1) of
reference 5,

The fifth and sixth columns ir tebles I arnd II were
obtained frox the preccdinz columns, as Irdicated hy
thelr hecadinge. Thess columne are Incliuvdsd s a con-
venlence because they are of use 1in some stavllity
calculaticns (rsference L.). .

Accuracy of tables.- The tables of reference 6 were
used In the preparstion of tables I and II. All velues
presented ere accurate to the nusbsr cf places glven,
Equations (1), (2), aand (3) were used to calculate ths
second, third, end lfourth ceclumne, respontively. Tha
fiZth coluvmn was obtalned by sguaring the second column,
The sixth colurn was odtainad by sguaring the fourth
column arcé multinlying by the rifth coluwrn. The eixth
column wes therefore made to depend on all preceding
colums. All values were tabulated to six significant
figures snd the ‘dliferences for the last column were
taken; In some casgee differences as high as the fourth
order wore useq. The difforences were studled and,
where irregularlitles occurred, the tables wsre checked.
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An indepepdent check was also.made of a series of values
LT Ly

throughout the tables. The values for ﬁ;/b were

computed from equation (L) and were independently checked.

ILangley Memorlal Aeronautical ILeaeboratory,
National Advisory Committee for Aeronautlcs,
Langley Fleld, Va.
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